Landslides of the flow types represent a worldwide natural hazard whose consequences have been largely increasing in the last decades, despite the huge efforts of the International Organizations and Scientific Communities which can provide either highly interdisciplinary approaches or enhanced sector-based studies. The former must include expertise from geology, geotechnical engineering, social sciences and economics if landslide risk reduction is pursued as final goal while the latter include detailed geotechnical analyses to simulate the multiple stages characterizing the landslides of the flow-type. Within this framework, numerical modeling has been playing an increasing role for engineering-based decisions. The present paper outlines some difficult topics recently solved or firstly tacked through advanced numerical modeling. For the failure stage, distinct modeling alternatives are applied to a relevant case study. For the post-failure stage, an enhanced numerical approach is provided to understand and forecast the transition from a slide to a flow. Furthermore, a novel numerical approach is applied for evaluating the propagation heights and velocities. Finally, open issues are outlined and possible future research developments are indicated.
Introduction
Landslides of the flow-type 1 include a wide class of phenomena still difficult to classify 2 because they involve mixtures of water, air and solid grains with percentages extremely variable in space and time. In particular, debris flows 3, 4 propagate in "V" shaped channels with some peculiarities: i) at the entry of channel, height and velocity of propagating mass increase, ii) along the channel, material can be entrained and large amount of water is available which cause the propagating mass to fluidize, even without liquefaction has occurred in landslide source areas, iii) at the exit of the channel, the mass may stop or continue propagating along one or more directions not known a priori, even travelling different run-out distances along each path, iv) at piedmont, mass deposition finally occurs.
Landslides of the flow-type have been deserved much attention by researchers in the last decades, due to their destructiveness and mechanical peculiarities especially related to shallow steep deposits of unsaturated collapsible coarse-grained soils. However, the analysis and forecasting of these phenomena is currently based on decomposing the whole process in multiple stages to be analyzed each with specific approaches. In particular, three main stages 4 can be distinguished: failure, post-failure and propagation.
Failure 5 stage is characterized by the formation of a continuous shear surface 6 through the entire soil mass (i.e. localized failure); alternatively, plastic strains may affect a large amount of soil originating a diffuse failure 7, 8 . Failure eventually involve similar slopes in very large areas, like occurred in Southern Italy (Pizzo d'Alvano carbonate massif 9, 10 ), where 240 mm rainfall in 48 hours 9, 11, 12 triggered more than 100 shallow landslides on 4 th -5 th May 1998. For this case history, the analysis of post-event data concerning the location of landslides source areas, geomorphology/hydrogeology of the massif, anthropogenic factors and source areas characteristics, point out six typical triggering mechanisms 13, 14, 10 . The most frequent mechanism (named M1, corresponding to 28% of 133 landslide source areas) occurred inside colluvial hollows, i.e. the so-called Zero Order Basins, which are characterized by convergent groundwater circulation inside the shallow soil deposits and temporary springs from the bedrock. Similar evidences of landsliding over large areas come from Colorado, U.S. 15 . Post-failure 16 stage is represented by a rapid generation of large plastic strains and consequent sudden acceleration of the failed soil mass; it is often accompanied with a reduction of pore water pressures, which leads to a drastic increase of the landslide mobility. Some evidences are available for the case history above mentioned; in fact, just after the event, upslope and beside the landslides source areas, more than 500 fractures were recognized on the ground surface (Fig. 1a) ; this clearly points out the occurrence of local slope instabilities not evolved into landslides of the flow-type because only suffering moderate displacements. Well established experimental evidences from laboratory centrifuge tests are available as well, like those performed by Take et al. 17 who show that slopes of both loose (Fig. 2a) and dense ( Fig. 2b) sands can suffer landslides of the flow type, due to soil cover layering, soils permeability contrast and related transient local pore water pressures. Propagation 4 stage includes the movement of failed soil mass from the source areas up to some kilometers far, where material stops; it entails run-out distance is one or two orders of magnitude greater than the landslide source area dimensions. Figure 1 shows that tens of shallow landslides turned into landslides of the flow-type (Fig. 1b) and traveled more than 2 km 18, 19 . As a consequence, 159 victims and relevant damage to property were recorded in the four towns located at the toe of the massif. During the propagation stage, landslide volume increased due to: i) soil erosion in the gullies below and ii) incorporation of minor slides mobilized along the flanks of the gullies. Globally, bed entrainment phenomena amplified the triggered volumes by a factor of 1.5 for the largest landslides The aim of the paper is to provide a novel contribution towards a unified modeling of the three stages of flowtype landslides since limited attempts have been proposed in the literature. Particularly, potentialities and limitations of advanced numerical tools are discussed within the mathematical framework proposed by Zienkiewicz et al. 20, 21 for mixtures of solid grains, water and air subjected to small/large deformations. To do so, numerical models are applied to either a relevant case history of Southern Italy, for which a detailed data-set is available, or well established experimental evidences. A comprehensive discussion of achievable results is also provided and new ideas for research are elaborated within a unitary framework.
Methods and inputs for modeling

GeHoMadrid hydro-mechanical coupled FEM model
The adopted hydro-mechanical coupled model derives from the contributions of Zienkiewicz et al. 20, 21 and Pastor et al. 22 that consider a solid skeleton and two fluid phases, water and air, which fills the voids. The skeleton is made of particles of density s with porosity n (volume percent of voids in the mixture) and void ratio e (volume of voids per unit volume of solid fraction). Movement of the fluid is considered as composed of two parts, the movement of soil skeleton and motion of the pore water relative to it. The total stress tensor acting on the mixture can be decomposed as the sum of an effective stress tensor ' acting on soil skeleton and a hydrostatic pore pressure term p w which for unsaturated soils with zero air pressure corresponds to the averaged pore pressure. For soil unsaturated conditions Bishop's stresses are accounted for. The governing equations 4 of the model consist in: i) balance of momentum equation for the mixture, ii) balance of mass of pore water, iii) mass conservation for pore fluid, iv) balance of momentum of pore fluid, v) a kinematic relation linking velocities to rate of deformation tensor and vi) a suitable constitutive model. Unknowns are displacements of solid skeleton and pore water pressure.
Among the constitutive models available for incrementally non-linear and non-associative geomaterials, such as coarse-grained soils, Classical Plasticity Theory is an efficient tool to combine computational simplicity and availability of data coming from standard laboratory geotechnical tests. This class of models includes the elastic perfectly-plastic Drucker-Prager and Mohr-Coloumb models, whose limited number of parameters (cohesion, friction angle, dilation angle) has motivated their wide use for practice and research.
A valuable alternative derives from Generalized Plasticity Theory 23 to which the Pastor-Zienkiewicz (PZ) model belongs. The latter is suitable to accurately describe the behavior of either loose or dense granular soils, both in drained and undrained conditions, along complex stress paths. In the PZ model, plastic deformations may occur upon either loading or unloading and they are derived without the need to define the: i) yielding surface, ii) plastic potential surface, iii) consistency law. In details, the model is completely defined once the following quantities are fixed: i) three directions (load direction n gL , unload direction n gU and neutral load direction n), ii) two scalars (plastic moduli H L and H U ) and iii) the elastic tensor De. Globally, 12 parameters are defined (
; K ev0 and G 0 are, respectively, the bulk modulus and shear modulus, M g and M f represent in the q-p' space the slope of critical state line and the slope of instability line 16 , H 0 and H u0 are hardening modulus in loading and unloading. Calibration of these parameters can be performed through standard triaxial tests according to the procedures indicated by Zienkiewicz et al. 21 who also provide the values of some constants incorporated in the model, named g , f , 1 , 0, and u . It is worth noting that M f is univocally related to the soil relative density as suggested by Pastor et al. 23 . The governing equations of the hydro-mechanical coupled model are implemented in the "GeHoMadrid_FEM" code 22 , which is used to analyze failure and post-failure stage of some landslides. It is worth noting that Cascini et al. 4 demonstrate that either standard limit equilibrium formulations or stress-strain approach with uncoupled computation for pore water pressures can be derived as special cases of the GeHoMadrid mathematical framework.
GeoFlow_SPH hydro-mechanical coupled depth-integrated SPH model
The "GeoFlow_SPH" model 24 is based on the theoretical framework of Hutchinson 25 and Pastor et al. 26 and schematizes the propagating mass as a mixture of a solid skeleton saturated with water; the unknowns are the velocity of the solid skeleton (v) and the pore water pressure (p w ).
The governing equations are: i) balance of mass of the mixture combined with the balance of linear momentum of the pore fluid, ii) balance of linear momentum of the mixture, iii) rheological equation relating soil stress tensor to deformation rate tensor and iv) kinematical relations between deformation rate tensor and velocity field.
From here, a propagation-consolidation model 24 is derived assuming that: i) pore water pressure dissipation takes place along the normal to the ground surface and ii) velocity of solid skeleton and pressure fields can be split into two components, i.e., propagation and consolidation. Since many flow-like landslides have small average depths in comparison with their length or width, the above equations can be integrated along the vertical axis and the resulting 2D depth-integrated model presents an excellent combination of accuracy and time cost.
The GeoFlow_SPH model also accounts for bed entrainment along the landslide path and the elevation of ground surface consistently decreases in time. Different empirical erosion laws 27, 28 are implemented so far. The simple yet effective law proposed by Hungr 27 is used, mainly to achieve results comparable with literature. It is worth noting that: i) landslide grow rate ( r E ) 27 is related to the initial and final landslide volume as well as to the travelled distance (L), ii) a nil value is assumed for velocity and pore water pressure for material entrained.
In the GeoFlow_SPH model, the Smoothed Particle Hydrodynamics (SPH) method is used which discretizes the propagating mass through a set of moving "particles" or "nodes". Information, i.e. unknowns and their derivatives, is linked to the particles and the SPH discretization consists on a set of ordinary differential equations 24 . The accuracy of the numerical solution and the level of approximation for engineering purposes depend on how the nodes are spaced and how the Digital Terrain Model (DTM) is detailed, as recently reviewed in the literature 29, 30 .
Numerical modeling and new challenges
Failure stage
The geometry of a shallow soil deposit is well schematized by the infinite slope scheme (Fig. 3) which is used to address the modeling of the failure stage through either standard or enhanced computational tools. Pore water pressures are firstly computed integrating the Richard's equation through the FEM code SEEP/W 31 . The FEM mesh consists in 3,500 quadrilateral elements smaller than 0.4 m each. Then, slope stability conditions are evaluated through Limit Equilibrium Methods (LEM) proposed by Janbu 32 and Morgenstern and Price 33 using the commercial SLOPE/W code 31 and referring to the pore pressures computed. A rigid-perfectly plastic constitutive model is considered with the failure criterion proposed by Fredlund et al. 34 who extended the Drucker-Prager criterion to unsaturated soils. The numerical model reads: i) slope angle is 35°, soil depth is 4.5m, saturated unit weight equal to 13.1 kN/m 3 , ii) Young modulus is 3,000 kPa, Poisson ratio is 0.29, iii) friction angle is 39°, cohesion is 2.5 kPa, rate of increase in shear strength due to suction 34 is 20°, nil dilation angle, iv) saturated soil conductivity equal to 10 -5 m/s and initial soil suction equal to 5kPa, v) at the ground surface, a inflow boundary condition is assumed equal to hourly rainfall intensity from 4 th to 5 th May 1998, vi) evapo-transpiration neglected, vii) impervious bedrock contact expect for a spring zone with a 1.67×10 -5 m 3 /s water flux. Seepage analysis indicates that both rainfall infiltration from ground surface and localized pore water pressures induced by spring from bedrock are responsible for slide occurrence (Fig. 3) . A clear correlation is pointed out between the time trend of the maximum pore water pressure (at point P) along the critical slip surface (Fig. 3) and the associated factor of safety (FS). It is worth noting that simulated time failure well fits the in-situ eyewitnesses A priori selection of the shape and depth of slip surface is a strong limitation of LEM, which does not exist in uncoupled stress-strain FEM analysis. Thus, the formation of soil cover of figure 3 is simulated by a multi-steps increase of soil depth and then transient pore water pressures are used as input for soil deformation computation. In this case it is found that high stress ratios (q/p'), shear deformations and displacements are simulated at the spring zone, due to the reduction of effective mean stress at nearly constant deviatoric stress. In particular: soil yielding causes deformations upslope due to the increase of deviatoric stress at nearly constant effective mean stress; time failure agrees in-situ eyewitnesses; simulated displacements and the amount of failing mass well match those found via LEM; simulated displacements depend on Young modulus while dilation angle plays a negligible role. It is worth noting that pore water pressures strongly depend on hydraulic boundary conditions (rainfall and spring from bedrock) as simulated above but soil compressibility behavior, stress and strain fields may affect pore water pressures as well. This issue requires the use of hydro-mechanical coupled approaches such as GeHoMadrid, which is tested for the previous infinite slope scheme (Fig. 3-4) using the same soil properties and boundary conditions.
The achieved results (Fig. 5) show that: i) significant plastic strains arise only for the combination of rainfall and spring from bedrock, ii) simulated slope instability scenario and the time failure well agree those obtained with previous simplified analyses (LEM and uncoupled FEM), thus highlighting their potential for capturing the global behavior of the slope. However, it is found that dilation angle plays an important role. Simulated displacements are negligible and failure not captured for a dilation angle equal to friction angle (i.e. associated flow rule). On the contrary, high pore water pressures and displacements as well as a fast build up of both variables are simulated for a nil dilation angle (i.e. not associated flow rule). This slope behavior is not captured by simplified approaches. While providing a sound framework for the analysis of failure stage, the achieved results and the available tools claim for new challenges to be addressed. For instance, hydro-mechanical coupled FEM approaches have found rare applications to detailed stratigraphies of steep shallow soil covers. This lack is motivated by: i) computational costs of FEM-based codes whether applied to slope geometry 1 -5 m thick and 100 -200 m long, ii) uncertainties related to slope formation process whose simulation greatly affects stress and strain fields, iii) need of efficient numerical algorithms to tackle the mechanical response of frictional (almost cohesionless) soils over steep slopes.
New advancements may also come from the validation of numerical results with monitoring data of soil stresses, pore pressures and displacements (up to failure). In fact, while it is understandable that centrifuge tests currently provide a good approximation of real slope behavior as it concerns the order of magnitude of both stresses and forces, literature reports only few examples of real slopes well monitored up to failure onset.
Post-failure stage
In the previous analyses, the possibility to distinguish between slide and flowslide 5 is prevented by the use of a simplified constitutive model, such as Druger-Prager, which is not suitable to properly simulate the mutual interaction between solid skeleton and pore water. Thus, the centrifuge tests performed by Take et al. 17 are simulated through the GeHoMadrid code, referring to the PZ constitutive model (see sect. 2.1).
Slope geometry consists in a shallow deposit 33° inclined over impervious bedrock (Fig. 6 ). Due to centrifuge acceleration, the equivalent prototype slope is about 15 m long and 2 m thick. Stratigraphy includes a coarser lower soil layer more permeable than upper soils. A water spring is located at the bedrock contact on the upper right corner of the slope. Experimental observations include: i) transient groundwater seepage in both layers and at the toe of the slope model, due to slope geometry and soil permeability contrast, ii) slope failure occurrence accompanied by a sudden acceleration of the failed mass in both cases of loose and dense soils, iii) decrease of pore water pressures due to slope geometry modifications after the failure onset.
The hydro-mechanical coupled FEM analysis is performed for an unstructured mesh of triangles long 0.4 m as maximum. Pore water pressure is allowed to change in space and time, starting from -5kPa throughout the slope model. The raising of water table in the upper soil layer is simulated assuming a nil pore water pressure at point E, corresponding to the water table level observed at failure during the tests. Fully saturated conditions are considered for PZ constitutive model. Soil mechanical properties 17 are given in figure 6 ; particularly, k sat , E and H 0 were indirectly estimated/calibrated comparing the experimental evidences and the numerical results). It is worth noting that M f derives from different relative soil density. Aimed to emphasize the role of soil relative density as an important factor for slope behavior upon failure and beyond, a limit case is assumed, which entails the equality of: critical friction angle (M g ), bulk modulus (K ev0 ) and hydraulic conductivity for both loose and dense soils.
Simulated plastic strains significantly differ for loose and dense soil (Fig. 7) and the extent of the zone affected is larger for loose soil. In the latter case plastic strains firstly occur at the slope toe later involving a larger soil volume according to a diffuse failure style. For dense soil, plastic strains start as well from the toe of the slope but then accumulate along a specific slip surface, i.e. a "localized" failure occurs. Those differences depend on a different value of soil relative density, as the other mechanical properties are equal in both cases. In addition, for loose soil, the simulated failure stage is faster due to higher excess pore water pressures rapidly accumulating in the slope until failure occurs. Conversely, for dense soil, either pre-failure stage entailing elastic strains or failure stage are longer in time, as measured in the experiments (Fig. 7) . Independently on soil relative density, the failed mass accelerates and pore water pressure decreases in agreement with experiments 17 ; in addition, the onset of a yielding zone in the upper right corner is simulated, as observed in similar centrifuge tests 35. Despite the value of the previous results, it is still problematic to ensure that a small-strain formulation like that of "GeHoMadrid_FEM" is well suited to simulate the post-failure stage. The latter may include large displacements within the failed mass and procedures for slope geometry updating (eventually with domain remeshing) should be adopted in that case. More in general, the transition from solid to fluid is a new challenge for the analysis of postfailure stage; pioneristic attempts in that direction were recently proposed 36 but further advancement is required. Loose soil Dense soil Fig. 7 . Pore water pressures, equivalent plastic strains and x-displacements (at point P) for slopes of loose and dense soils.
Propagation stage
The propagation stage can be profitably addressed for well-documented real case histories as post-event information may include: depth of slip surface at source areas, landslide path, heights of propagating mass at specific points, erosion depths along the path, deposition heights and, in some cases, indirect data to be correlated to mass velocities such as super-elevation at bends 19 and characteristics of structures damage due to mass impact 37 . The case history of section 3.1 is analyzed; in particular, the paper refers to two major landslides triggered by the mechanism M1 at an altitude of 500 -700 m a.s.l. with a total mobilized volume 18 of about 50,000 m 3 ; the triggered masses joined in a channel with steep flanks; then, the whole mass travelled about 1,500 meters of which 400 meters in the channel and 1,100 meters in a flatter piedmont area.
Numerical analyses refer to a 3×3m Digital Terrain Model (DTM) from which a topographic mesh of 105,534 nodes is derived. The initial masses are schematized through two set of 2,936 and 4,598 points initially 3 m spaced; initial soil heights are equal to 0.1 -4 m inside the source areas 18 . A frictional model is assumed for the rheological behavior and rheological parameters are taken from literature 24 . It is worth mentioning that the landslide growth rate (sect 2.2) is assumed equal to 4×10 -4 -1×10 -3 m -1 , that is within the range provided by literature 19, 24 . Figure 8 shows that the bed entrainment greatly affects the landslide propagation stage. Whether only the channel is erodible (Fig. 8a) , the simulated landslide travels much at the right-hand side; if the propagating mass can entrain material along the whole propagation path (Fig. 8b) , the simulated bed entrainment causes material deposition and reduces the landslide run-out distance. In both cases SPH modeling provides: i) distinct propagation areas, ii) similar run-out distances, iii) run-out shorter than the observed one of about 400 m. Assuming an higher landslide growth rate along the whole propagation path, the field evidence is poorly reproduced as simulated landslide stops at the exit of the channel where a thick deposit is formed (Fig. 8c) . Only whether calibrating rheology and entrainment parameters jointly, a satisfactorily back-analysis of the in-situ evidence is obtained for both the run-out distance and the extent of propagation-deposition zones (Fig. 8d) . Simulated landslide lasts about time 60 seconds in agreement with literature 24 and eyewitnesses of inhabitants 13 . Minor mismatches arise at both the lateral sides of the propagation path; however, these discrepancies may be related to the simplified timing of failures (two masses fail at once) or topography peculiarities not well reproduced in the DTM. For case 8d (Fig. 8) , the space-time evolution of pore water pressures (normalized to liquefaction pressure) is provided in figure 9 which shows the high variations of p w simulated at the entry, inside and at the exit of the channel. Uncertainties still affect the results achieved in the analyses. Novel physically-based entrainment laws should be introduced to capture better the onset of material entrainment and its development under time-dependent loading conditions related to the propagating of a liquefied mass over the ground surface. Particularly, solid concentration of propagating mass and the availability of solid particles along the landslide path are important factors which could be accounted for. Furthermore, an accurate bed entrainment analysis would require a proper rheological (or constitutive) model for the behavior of the interface between the propagating landslide and the ground surface. On the other hand, fully 3D mathematical approaches capable to simulate more accurately the variations of pore water pressures inside the propagating mass could enhance the potential of numerical model towards a larger class of applications also including the dynamic impact of landslides against structures.
Concluding remarks
Numerical investigations jointed to experimental and field evidences point out important issues: i) pore water pressure is a primary factor in all the stages of landslides of the flow-type, ii) an advanced constitutive model is a necessary ingredient whether the post-failure stage is addressed, iii) a proper description of rheology and bed entrainment is fundamental to adequately assess the inundation areas.
Important challenges are still related to the gap between constitutive and rheological models to be filled through a global mathematical model for mechanical behavior of mixture of solid grains and pore fluid(s) under small/large deformations. Once this step will be done, a unified large-deformation based numerical tool might be implemented for fully simulating this type of landslides: from triggering to flow transition and until the mass stops.
